Abstract. In this paper we characterize the Schatten p class membership of Toeplitz operators with positive measure symbols acting on generalized Fock spaces for the full range 0 < p < ∞.
Introduction
For a subharmonic function φ defined on C n with the property that
where m and M are positive constants, define F 2 φ to be the set of entire functions such that C n |f (z)| 2 e −2φ(z) dv(z) < ∞.
Denote by P the orthogonal projection of L 2 (e −2φ dv) onto F 
where {f k } is any orthonormal basis for F 2 φ . In the next section we list some recent results on the reproducing kernel (see [3] ), which will be crucial to the proofs of our main results on Schatten class properties of Toeplitz operators.
In [1] (see also a recent monograph of Zhu [5] ), Toeplitz operators were considered in the setting of the standard weighted Fock spaces, that is, when φ = α > 0, and characterizations of bounded, compact and Schatten class Toeplitz operators with positive measure symbols were provided (moreover, see [3] for a similar characterization of bounded and compact Toeplitz operators with positive measure symbols on F 2 φ ). In particular, the Schatten class membership of these Toeplitz operators was characterized in terms of the heat (Berezin) transform of the symbol and in terms of the averaging function µ(B(·, r)).
In this paper we will provide very similar characterizations of the Schatten class membership of these Toeplitz operators. Note that unlike the classical Fock space setting where one can utilize explicit formulas for the reproducing kernel, we instead must rely on some known estimates on the behavior of the reproducing kernel (see the first three lemmas in the next section). The proofs of our characterizations will (as usual) be divided into the two cases 0 < p ≤ 1 (which will be dealt with in Section 2) and p > 1 (which will be dealt with in Section 3.)
Finally, note that we will often use the notation A B for two nonnegative quantities A and B if A ≤ CB for an unimportant constant C. Moreover, the notation A B and A ≈ B will have similar meanings.
2. The case 0 < p ≤ 1
In this section we will characterize Schatten p class T µ for the case 0 < p ≤ 1. We will often use the following three lemmas from [3] . 
The basic outline of our arguments will be similar to the proofs in [5] for the classical Fock space. However, note that in the classical Fock space situation (when φ(z) = α 2 |z| 2 for some α > 0), we have that
Because of this, we will often have to make modifications to the arguments in [5] . Now assume µ satisfies the condition that (2.1)
for all γ > 0 and z ∈ C n . Note that Lemma 2.1 immediately tells us that T µ is well defined on the span of {k z : z ∈ C n } if µ satisfies condition (2.1), so in particular T µ is densely defined.
Let µ be the Berezin transform of µ defined by µ(
where k z is the normalized reproducing kernel of F 2 φ . Note that (as one would expect), (2.1) in conjunction with Fubini's theorem gives us that
If r > 0 then for the remainder of this paper we will let {a m } denote any fixed arrangement of the lattice rZ 2n (which is canonically treated as a subset of C n .)
Lemma 2.4. Suppose that µ ≥ 0, r > 0, and 0 < p ≤ 1. If µ satisfies condition (2.1), then the following are equivalent:
Proof. The equivalence of (b) and (c) for any r > 0 was proved in [5] , where it was also proved that (b) and (c) are in fact independent of r > 0. Thus, we will complete the proof by showing that (a) ⇐⇒ (c) for some r > 0.
First assume that (c) is true. Then by Lemma 2.3 we have that
where the last inequality and ǫ 0 > 0 follow from Lemma 2.1. However,
Furthermore, since 0 < p ≤ 1, equation (2.2) gives us that (2.3)
However, we can easily estimate the right hand side of (2.3) as follows. First, it is obvious that (2.4)
On the other hand, if |z − a m | ≥ 2r and |u − a m | ≤ r, then
Thus, we have that (2.5)
Finally, combining (2.3) with (2.4) and (2.5) we have that
(µ(B(a m , 2r))) p < ∞ for some C r > 0 since (c) is independent of r > 0. We now complete the proof by showing that (a) ⇒ (c) for r = δ 2 where δ is from Lemma 2.1. In particular,
Moreover, if z ∈ B(a m , δ/2) then Lemma 2.2 gives us that
which immediately implies that (c) is true with r = δ 2 . Lemma 2.5. Suppose that µ ≥ 0 and µ satisfies condition (2.1). Then
Proof. Since µ ∈ L p (C n , dv) implies that {µ(B(a m , r))} is bounded by Lemma 2.4, we first of all have that T µ is bounded on F 2 φ by Theorem 1 in [3] . Furthermore, since K(z, z) ≈ e φ(z) , one can repeat virtually word for word the arguments on pp. 96-97 in [5] to complete the proof.
We will need one more lemma before we prove the main result of this section. Note that this lemma is in fact a standard result in frame theory, though we will include its simple proof for the sake of completion. Proof. If f, g ∈ F 2 φ , then the Cauchy-Schwarz inequality, Lemma 2.3, and the reproducing property gives us that
Note that · Sp is not a norm when p < 1. However, it is well known that if A and B are compact, then
where s k (T ) is the k th singular value of a compact operator T . Thus, it is easy to see that for all 0 < p ≤ 1 we have
Theorem 2.7. Suppose µ ≥ 0, 0 < p ≤ 1, and µ satisfies condition (2.1). Then the following are equivalent:
Proof. By Lemmas 2.4 and 2.5, it is enough to show that (a)
Now fix any orthonormal basis {e m } of F 2 φ and let A be the operator on F 2 φ defined by Ae m := k ξm (which by Lemma 2.6 has operator norm that is bounded above by a constant that is independent of {ξ m }). Now let T := A * T µ A so that T Sp T µ Sp . Furthermore, define
T e m , e m φ f, e m φ e m and E := T − D so that by (2.6) we have
Then since D is diagonal, we have from Lemma 2.2 that
We will now get an upper bound for E 
Since ν is supported on ∞ j=1 B(ξ j , δ), we have that (2.10)
Moreover, if j = m and |u − ξ j | < δ then Thus, since 0 < p ≤ 1, we can plug (2.11) into (2.9) to get that 
